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1. Introduction

The multidimensional Dubrovin-Novikov (DN) type Poisson brackets were introduced by Dubrovin and Novikov in [1,2].
Letx = (x, ..., x) be coordinates on the torus T” and u = (u', ..., u") be variables on an open ball U ¢ RN (or more
generally local coordinates on a smooth N-dimensional manifold M). The Dubrovin-Novikov brackets are of the form

D

W00, W)} = Y (&% ()3 80— y) + b @) et 05x — ) ) (1)

a=1
were g (u) and b;{“ (u) are smooth functions over U, and § (x — y) denotes the multidimensional Dirac delta function

Sx—y) =8 =y - 8" —yP).
The fact that the brackets (1) are Poisson (i.e. that they are skew-symmetric and satisfy the Jacobi identity) imposes

several conditions on the functions g7 (u) and b} (u).

Such conditions have been studied and are still being studied for different values of D, N by several authors. In particular
they have been related to certain geometric structures over M, since the seminal paper by Dubrovin and Novikov [ 1] which
states a one to one correspondence between the nondegenerate D = 1 Poisson brackets and flat contravariant pseudo-
Riemannian metrics. A general set of equations valid for all D, N has been obtained by Mokhov [3]; a classification of the
nondegenerate brackets for D = 2 exists for N = 2 [4] and N = 3, 4 [5], where it relies on the notion of Killing (1, 1)-
tensors; in special cases a classification can be obtained for D = 2 and arbitrary N, or for D = 3, N < 3 [5], or again for

arbitrary D and N [4]. Very recently some first results on the classification of degenerate brackets have appeared [6,7].
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As pointed out in [8], at least in the scalar case, an important problem is to classify the dispersive deformations of such
brackets. Let us state this problem precisely in the multidimensional case.

Let 4 be the space of differential polynomials, i.e. formal power series in the variables gl

ko i .
-+ 8 gu' with coefficients

which are smooth functions of u':
A= COWDY - 9 withkr, ... kp > 0, (ki, ... kp) # O}]].
The standard degree deg on « counts the number of derivatives d,; in a monomial, i.e., it is defined by deg(afl1 e 8}:3 u) =

ki+ -+ kp.
We consider dispersive deformations of multidimensional DN brackets of the form

W, W) = W, vel+Y ¢ Y ALy @RI 985 (x —y) (2)
S0
where AZ;k1,...,kD € A and degA,ik1 ’’’’’ k= k—ky---—kp+1.

The Miura-type transformations (of the second kind [9]) are changes of variables of the form

vi=u+ Z e"F,i

k=1

where F} € 4 and deg F; = k. They form a group called Miura group.

The main problem is to classify the dispersive deformations (2) of the multidimensional DN type brackets {, } up to
equivalence. Two deformations are equivalent when they are related by a Miura transformation. A deformation {, }€ is called
trivial when it is equivalent to the undeformed DN type brackets {, }.

Itis a well known general fact that the dispersive deformations are governed by the second and third Poisson cohomology
groups associated with the dispersionless Poisson bracket {, }. In particular the second Poisson cohomology classifies the
infinitesimal deformations, while the third Poisson cohomology encodes the obstructions to the extension of an infinitesimal
deformation to a full dispersive deformation. See Section 2 for the relevant definitions.

In the case of a single independent variable, D = 1, the Poisson cohomology of a DN type Poisson bracket has been
shown to vanish, in positive degree, by Getzler [10]. The main consequence of this result is that all deformations of one-
dimensional DN type Poisson brackets are trivial, i.e., they are Miura equivalent to their dispersionless limit. Independent
proofs of the triviality of the deformation problems in the case D = 1 have been obtained within different frameworks
[11,8,12]. Moreover, some first results for D = 2 have been published by one of the authors [13].

In the scalar case N = 1 the general form of a multidimensional DN type Poisson bracket is [3]

.0 1 0
{u@), u)} = g(tt(X))C'*8 S(x—y) + g (u®)c’ fu,. *®)(x —y) (3)
X 2 ax!

where g(u) is a non-vanishing function and c' are constants, withi =1, ..., D.

Our main result is the computation of the full Poisson cohomology of the Poisson bracket (3), in a quite implicit form,
see Theorem 9. As a consequence of this result, we obtain the cohomology groups of low degree, which are relevant for the
deformation theory, for some values of D, see Section 3. We find in particular that for D > 1 the second and third Poisson
cohomology groups are generically non-vanishing. Therefore (formal) infinitesimal deformations of (3) are still parametrized
by a class in H2(¥), although this class is in general non-homogeneous in the standard degree, but no general statement
can be made about the possibility of extending such infinitesimal deformation to a full deformation of the form (2), even in
the homogeneous case. See Section 2.7 for further details.

Interesting problems to consider at this stage would be: the study of how particular examples of full dispersive Poisson
brackets of DN type in D > 1 fit in this scenario; and the formulation of classification and existence theorems for certain
subclasses of homogeneous deformations.

The paper is organized as follows: in Section 2 we introduce the main tools of formal multidimensional variational
calculus. In Section 3 we specialize to the case of a single dependent variable, and we prove our main Theorem. In Section 4
we explicitly compute a few homogeneous components of the first and second cohomology groups, using the formalism of
Poisson Vertex Algebras.

2. Functional variational calculus and deformations in the multidimensional case

In this Section we introduce the basic notions of local multivectors, Schouten-Nijenhuis brackets, 6 formalism and Miura
transformations in the case of D independent and N dependent variables. In Sections 2.1-2.5 we give the D > 1 version
of some basic constructions of [9,14], omitting the generalizations of most of the proofs, which will be addressed in a
subsequent publication. In Section 2.6 we introduce short sequences related with partial integrations, which are a peculiar
feature of the D > 1 case, and we prove that they are exact, adapting the proof of exactness of the variational bicomplex [15].
In Section 2.7 we consider the relation between deformation theory and Poisson cohomology.
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2.1. Multi-index notation

Let us introduce the multi-index notation as follows. Denote by &1, . .. &p the standard basis of the semiring Z := Zgo.
Let a multi-index S = 2?:1 si&; be an arbitrary element of Z. The length of the multi-index S is |S| = Z?:l si. We denote

by Zj C Z the set of multi-indices S = Y7, 5;& with s; = 0. We denote by 8° the operator 91 - 8°p. Sums over repeated
indices and multi-indices are assumed.

2.2. Local multivectors

Using the multi-index notation, the space of differential polynomials is
A=CW)[[{u*®, a =1,...,N,IS| > 0}]],

where we denote S = 35u®. The standard gradation deg on .4 is given by deg u®* = |S|. We denote ., the homogeneous
component of degree d.
On 4 we define commuting derivations d,i fori =1, ..., Dby

)
R o,S+§;
Oyi = E u lauays'
a,S

The elements of the quotient

A
F =
Oy1A + -+ + 0,0 A

are called local functionals. The standard gradation on » induces a standard gradation on #, since the operators d,: are
homogeneous. We denote the projection map from 4 to & as a multiple integral, which associates to f € 4 the element

D
/ f dPx

in .
The variational derivative of a local functional F = f b f dPx is defined as

SF af
— =)l —=.
Su” ;( ) aua,S

One can easily prove that

0] 9 . .
[W, 3Xj] = W, if S = Zsiéi with Sj > 0, (4)
1
and is equal to zero otherwise, and
8
@axi = 0 (5)

From this in particular it follows that the variational derivative of f b f dPx does not depend on the choice of the density f.
Alocal p-vector P is a linear p-alternating map from # to itself of the form

P oot 31 81
P4, ..., Ip) = / Pg]lﬁ::;;pp 951 (Suia]]> S 9% <8u§p> dPx (6)

Tseees ap

where P; """" s € 4, for arbitrary Iy, ..., I, € ¥. We denote the space of local p-vectors by AP C AltP(F, F).
The following Lemma generalizes Lemma 2.1.7 of [9].

Lemma 1. Let P* € A. If
D
3l
/ > P — =0
~ su

foralll € A, then P* = Z?Zl ciu®i for some ¢; € R.
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2.3. The 0 formalism

Let 4 be the algebra of formal power series in the commutative variables u®5, |S| > 0 and anticommutative variables
9§ ,|S| > 0 with coefficients given by smooth functions on U, i.e.,

A = CU) [[{u*®, IS| > 0} U {6, 1S] = 0}]].
The standard gradation deg and the super gradation deg, of A are defined by setting
degu®® = deg G(f =S|, deg, u** = 0, deg, 9; =1

We denote A,, resp. AP, the homogeneous components of standard degree d, resp. super degree p, while y@ﬁ = g N AP.
Clearly A? = .

The commuting derivations d,; fori = 1, ..., D are extended to A by
0 0
9. = u® St @S téi .
=2 ( s a0

Note that the kernel of 3, on - is R.

We denote by ¥ the quotient of A by the subspace 0,1 A4+ ) A, and by a multiple integral fD - dPx the projection
map from 4 to ¥ . Since the derivations d,i are homogeneous, i.e., deg d,, = 1 and deg, d,; = 0, ¥ inherits both gradations
of .

Egs. (4) and (5) hold and, similarly,

0 0
,3j:|=,, ifS =) s;& withs; > 0,
[395 1 e Z A

and is equal to zero otherwise. It follows that the variational derivative

b Bl

— =) (D — 7

e aZgj( 8 g (7)
satisfies

) d,i =0

890[ xi — Y.

Hence both variational derivatives (5) and (7) define maps from £ to A.

Proposition 2. The space of local multi-vectors AP is isomorphic to £? for p # 1. Moreover
F1 __ Der'(4)
@R [urbif, DR

Al =

where Der’(4A) denotes the space of derivations of + that commute with 9,4, for i = 1, ..., D, and Der’ (+4) = F.

Remark 3. Let us give here some remark on the proof of this Proposition, following the argument of [9]. Notice that for
p = 0, the isomorphism is trivial, since ¥ = # = A°. Let us assume instead that p > 1. Given P € #P?, and arbitrary
I],...,Ip e F,let

d d s ol S 51p
(PY 0. Ty = — P8 (L) gt (22
39045; 96, su“ Su‘r

Clearly ¢(P) is an p-alternating map from ¥ to 4, and it satisfies
LBP)(Iy, ..., 1) = 8y (t((P)(Ly, ..., I)).
The desired map 7 from £? to AP is then defined by

D D
Z</ Pde> :f 1(P) dPx.

Surjectivity of 7 is easy to see; indeed the local p-vector (6) is the image through ¢ of

,,,,, ap 1Sq o 95p
Stsens Sp o op -
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In the case p = 1, an element P of F1 can be written uniquely as

D
P :/ P*o, d°x

for P* € A.The map that sends P to

0
_ S pa
= 2P s

S

defines an isomorphism Flx Der’(+). Notice that
D
(PY(I) = / ap () d°x.

Clearly, for each i, the derivation associated with P = |’ b >, u*tif, dPx corresponds to dp = 9y, therefore is in the kernel
of 7. From Lemma 1 it follows that the kernel of 7 is indeed generated by these elements.

It remains to show that 7 is injective for p > 2, which can be done essentially by adapting the proof given in [9] to the
present case. Since this argument relies on further technical lemmas on differential operators we prefer to skip it in the
context of this paper.

2.4. The Schouten-Nijenhuis bracket

The Schouten-Nijenhuis bracket
[,]: FP x §9 — grta-1
is defined as
b rsp sQ 3P 8Q\
[P,Q]= / (Ew + (_])pwa> dx.
It is a bilinear map that satisfies the graded symmetry
[P, Q] = (=D™[Q, P]
and the graded Jacobi identity
(=DP[P, Q} Rl + (A—l)q”[[Q, RJ, P1+ (=1)"[[R,P],Q] =0
for arbitrary P € #7,Q € #F%andr € ¥'.

A bivector P € ¥7? is a Poisson structure when [P, P] = 0. In such case d’i = adp = [P, -] squares to zero, as a
consequence of the graded Jacobi identity, and the cohomology of the complex (¥, dp) is called Poisson cohomology of P.

2.5. The differential on A

Given an element P € P we define the following differential operator on

_ s(9PY 9 s (P} 9
DP_Z<3 (5@,) guos T D70 (6u°‘> aeg)‘ ®

S

Since [Dp, 0,i] = 0 foralli =1, ..., D, the operator Dp descends to an operator on ¥ which is given by the adjoint action
adp = [P, -] of P on F via the Schouten-Nijenhuis bracket, i.e.,

D D
adp (/ Qde> 2/ Dp(Q) d°x,

for Q € 4. This can be easily checked by integration by parts.
Remark 4. It can be proved by an explicit computation that

Dip.q) = (=1)""[Dp, Dol 9)
which holds for P € $P and Q € %9, where the brackets on the right-hand-side represent the graded commutator that
induces a graded Lie algebra structure on the space of graded derivations to which Dp belongs, see [14], i.e.,

[Dp, Dg] = DpDg — (—1)P~P@=Dp, Dy

It follows that, if P € #? is such that [P, P] = 0, then D3 = 0; in other words, if P € #? is a Poisson structure, then Dp

squares to zero, hence (4, Dp) is a differential complex.
We will not prove the identity (9) here, since in our specific case, where P is given by formula (20), the fact that D,Z, =0
simply follows from a trivial computation, see next Section.
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2.6. Partial integrations
A crucial role in our construction is played by the following Lemma.

Lemma 5. The sequences

~ 1 ~ [ dx! A
0 - A/R — A — F —- 0
A 92 A [ dx? A
0 - H/R S F — FH — 0
A 3 A dx3 A
0 > HR 2 5 1N 5 L o (10)
~ 9.0 ~ [ axP ~
0 - #$4/R — ¥4 —> Fp — 0
where
. A
YT Bah e Dk
are exact.

Proof. The exactness of the first line is obvious: by quotienting out the kernel of 9,1, which is given by constants, we have
injectivity on the left side, while f dx! just denotes the projection to the quotient #;, which is indeed surjective.

Let us consider the second line. The derivation 8,2 on .4 commutes with .1, hence defines a map on #; which we denote
with the same symbol. Notice that
Fi A .
~ = = ~ = 2,
02F1  OaA+ 0pA

therefore surjectivity is guaranteed.
The same argument works for the rest of the lines, since it is easy to check that

A 4.
3Xi+1j‘% 3X1a& 4+ 4+ 3xi+1o&

= Fit1-

It remains to be proved that the map induced by dy« on F._1 has kernel given by R, fora = 2, ..., D. In order to do
this we reformulate this property as the vanishing of the cohomology of some auxiliary complex, and then we construct an
explicit homotopy contraction for that auxiliary complex that implies the vanishing of its cohomology.

The map induced by 0y« on Fa_q has only constants in the kernel if and only if for any function f € A the conditions
Oyaf € 8,‘1:%@ + - 4 Ogat A and f is non-constant imply that f € wafu + -+ Ogat . Consider the following complex:

0 03 ot & I ga1 B g (1

where £/, 0 < j < a, is the space of local differential j-forms with coefficients in /R, that is,

2= @ AJR - dxT A A dXY
1c(1,.a).ll|=j
I={ip<--<ij}

and the differential dy is equal to ZL] dxt A d,i. In terms of this complex, the condition dyef = 0,181 + - - - + 0ya-18g—1 IS
the same as dyw = 0, where w € 29! is given by

] =9
==Y g—— | A A
w |:f8(dx“) ;ga(dx')i| X A A dx

The property thatf € 0,1 T Oya—1 A (and the similar statements for g;,i = 1, ..., a — 1, obtained by relabeling of the
independent variables) is equivalent to @ € dy$2° 2. That is, we have to prove that the auxiliary complex (11) is acyclic in
cohomological degree a — 1.

In order to do this, we revisit the argument of Anderson, cf. [ 15, Proposition 4.2 and 4.3]. While the horizontal rows of
the variational bicomplex that is considered in [15] are, in general, quite different from (11) (the meaning of the symbol
is completely different), the combinatorics of the differential dy is literally the same, which allows us to adapt the formulas
of Anderson.
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D

>0
S =5 +S5" whereS = Y s&andS’ = Z?:H] si&;. This way we represent deg as the sum deg’ + deg”’, where
deg’ = |S’| and deg” = |S”|. Observe that both deg” and the super gradation deg, are preserved by the differential dy. This

means that we can split the complex (11) into the direct summands

The first thing we need to do is to refine the standard gradation. Namely, we represent S € 72, |S| > 0, as the sum

0d 14 d -1 d
0 (@5)° % (25)" B B (@n) T B (2p), (12)
where the coefficients have deg” = d” and deg, = p.
There are two different cases, p = 0 and p # 0. In the case p = 0, we have no 6s. Also, we consider the variables
uS as u@S":S’ that is, we introduce a new index (e, S”) for the dependent variables, and we take into account only the

dependence on the independent variables x!, . . ., x%. In other words, we redefine the algebra s to be
COWMu™", @ =1,...,N,|s"| > OI[[u®"% [s"| > 0]],

where {u©@5")} is the new set of dependent variables (we allow S” = 0 and identify u®® with u®), {x', ..., x%} is the new
set of independent variables, and u@-S")-S" = 35 u@5") If we fix the degree deg”, we still have a finite number of dependent
variables, and the only difference with the standard case is that we require our functions to be homogeneous polynomials
in some of them (as opposed to just smooth functions). This modification (and also the minor difference that we do not
consider explicit dependence on independent variables) is the only difference between the complex (12) for p = 0 and the
complex considered in the first half of [ 15, Proposition 4.3]. It is then straightforward to see that the argument of Anderson
proves that this complex is acyclic (up to cohomological degree (a — 1)).

It remains to prove that the complex (12) is acyclic in cohomological degree < (a — 1) for p > 0. In this case we

can follow [15, Proof of Proposition 4.2]. Anderson gives an explicit homotopy contraction operator that uses only the
combinatorics of indices of the variables 3% 65" =: 6f, ¢, 0 we can also define it as an operator h: (£2§,)" — (b))
Since the bookkeeping of indices and notation in [15] is quite different from the one we use in this paper, let us rewrite the
homotopy contraction operator explicitly in our terms, cf. [15, Equation (4.13)]:

pi 1y ﬁ+&+1.“(ﬁ+&)
Pt Z Z A

P H 5 . < _
j=1 (,5") f1.-fa=0 _ =1
81:---8a=0 a 1+ 1 + l;f(

a a 8 8
{]‘[ aﬁg} 060, 51y A []‘[(—aﬂ)gﬂ} o ° (13)
=1 =1

%*,i(ﬂ*gi)éi 9 (dxj) .

9(06,5”)

Then the arguments of [15, Lemma 4.4 and Proof of Proposition 4.2] imply that (h?*1dy + dyh”Hw = w forw € (_(25,,)1,
p > 0andi < a. This implies that for p > 0 the cohomology of the chain complex (12) in cohomological degree < (a — 1)
is equal to zero.

This completes the proof of the Lemma. O

2.7. Deformations of DN brackets and Poisson cohomology

Let us introduce the transformations
u'r—)ﬂ':Ze"F,i(u;u,), i=1,...,N (14)
k=0

on the space 4, where F} € Ay and

IF) (u
det( Wi )#O

The transformations (14) form a group who is called the Miura group [8]. It can be regarded as the group of local
diffeomorphisms on the space 4, whose Lie algebra is the algebra of the (translational invariant) vector fields on +4. The
transformation of the Oth order coordinates u' is then lifted to the higher order jet variables uS. The action of the elements
of the Miura group is then naturally extended to the full space 4. An important subclass of Miura transformations, that
plays a central role in the theory of the deformations of DN brackets, are the so-called second kind Miura deformations [9],
for which Fy = u'.
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Definition 6. Given a Poisson bivector P, € #2, a nth order infinitesimal compatible deformation of Py is a bivector
P= P0+Z;::l €*P, such that [P, P] = O(e™""). The bracket associated to a deformed bivector by the rule {F, G} = [[P, F], G]
is then

LY =01+ 0 (15)
k=1

In the DN case, where deg Py = 1, the degree of each deformation deg Py is k + 1.

Definition 7. A deformation of Py is said to be trivial if there exists an element ¢ of the Miura group such that ¢,P = P,.
From Definition 6, this implies that ¢ must be of second kind. Equivalently, an infinitesimal deformation is trivial if
there exists an evolutionary vector field X such that [X, Pp] = P. This is equivalent to say that {¢(u(x)), dp(u(®y))}o =
¢ {u(), u(y)}™) + 0(e™") for a deformed bracket of degree n + 1.

As in the finite dimensional setting, the theory of deformations of DN brackets can be rephrased in terms of the
Poisson-Lichnerowicz cohomology. The main result of this paper is, indeed, the computation of the full cohomology for
N = 1and arbitrary D DN brackets. It is then well known the relation between lower order cohomology groups and the key
elements of the deformation theory.

IfP € £2 and [P, P] = 0, then Dy defined in (8) squares to 0. That means that it is possible to define a cochain complex

no Dp A1 Dp gy D
0> A" B A D 425 ...

and its cohomology; moreover, since Dp commutes with all the d,; the complex and the cohomology groups pass to the

quotient space £.

We denote
R Ker (Dp: AP — APT!
Hp(A) — ( P — - )
Im (Dp: AP~ — AP)
and
. HP (A Ker (dp : P — FPH!
HP(F) = () _ Ker(@ ) (16)

QA+ -+ dpoh B [m(dp: Fr-1 ?A’p) )

The groups H® (f' , dp) constitute the Poisson-Lichnerowicz cohomology in the infinite dimensional setting we are dealing
with. We identify the first cohomology group H' with the symmetries of the Poisson bivector P that are not Hamiltonian,
and the second cohomology group H? with the infinitesimal compatible deformations of the Poisson bracket defined by
the bivector P that are not trivial. Recalling the definition of dp, a symmetry X is an (evolutionary) vector field, namely a
derivation of ¥ which commutes with all {d,:}, such that [P, X] = 0, a Hamiltonian vector field is a vector field of form
Xy = [P,H] for H € %9 a local functional, a compatible bivector P’ is a bivector such that [P, P'] = 0, and a trivial
compatible bivector is such that P’ = [P, Y] for some vector field Y € Fl.

The gradation on " defined in Paragraph 2.3 can be used to decompose the cohomology groups both on A and . We will
denote, for instance, HZZ(T ) the first order (n = 1 in the expansion (15)) nontrivial compatible deformations of a Poisson
bivector of degree 1.

Remark 8. Spelling out the compatibility condition for the bivectors, one get a sequence of equations
[Po, P11 =0
2[Po, P]1 +[P1, P11 =0

In particular, the first nonvanishing term of the expansion must be a compatible bivector in the Bihamiltonian sense, and
the possibility of extending the deformation from the first order to the following ones is related to the third cohomology
group.

Furthermore, if we have a bivector P = Z;Z:o Py, deg Py = k+ 1, [P, P] = O(¢"*1), we can extend it one order higher in

e if and only if the following element of 3 happens to be dp,-exact:
[P1, Pyl + [P2, Py—1] + - - - + [P, P1].
Note that the condition [P, P] = 0(e™!) implies that this element is dp,-closed. To this end it would be sufficient to have
H,f +3(3’? ) = 0, but unfortunately, as we see below, it is in general not the case for the DN-brackets.
However, once we have a particular extension to order "' given by a bivector P, such that [P 4 Py, P + Ppq] =
0(e**?) (for instance, we definitely have one equal to zero in the case P; = - - - = P, = 0), then we can describe explicitly
the space of all possible extensions up to Miura transformations of second kind. It is an affine space given by P, 1 + H,f 1(F).
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3. The Poisson cohomology in the scalar case

In this Section we consider the N = 1, or scalar, case.

3.1. Main result

Our main result can be formulated as follows. Let @ be the polynomial ring R[{8°,S € (Zs()"~'}]. The derivations i,
i=1,...,D— 1acton ® in the obvious way. Denote by Hg (D) the homogeneous component of bi-degree (p, d) of

()

HDD) = .
010 + -+ 0,0-10

Theorem 9. The Poisson cohomology of the Poisson bracket (3) in bi-degree (p, d) is isomorphic to the sum of vector spaces

H?(D) @ HY™ (D).

The proof of this Theorem will be given in the following subsections. The strategy is to compute first the cohomology of a
particular Poisson bracket, and then to show that the cohomology does not change under linear changes of the independent
variables. That allows us to extend the result to the whole class of Poisson brackets (3).

Let us first derive some consequences of Theorem 9. Let us start by an explicit description of the spaces Hg (D) for small
or large p:

Lemma 10. We have that

R d=0,p=0,1,
0 d>1,p=0,1,
HY(D) = {0 d=2,p=2,

D—1
RCa) d>0,p=d+1,

o
Q
\%
=
=
\Y
Q
+
N

Remark 11. The vanishing result in last line of the Lemma can be improved: Hg (D) is zero for any (p, d) in the range

D+1-1 D+1 D+1
< ’ O\d l 1_ 17
(") << () oca=paen-("F) (7

forany! > 0.

Proof. For p = 0, 1 the statement is trivial.
Forp > d + 2, it is easy to see that (95 = 0, therefore Hfj (D) = 0 as well. By computing the minimal deg of a monomial
of deg, = p, one can also extend this vanishing result for @g to the range given in (17).
For p = d + 1 a basis of Q?H is given by
6%g%ir ... g%

withi;y < --- <igandi, = 1,...,D — 1.1t follows that
D—1
dimH{t'(D) = dim Ot = ( J )

For p = d = 2 a generic element in (~)22
D—1
> (a56% + b0 o5t
ij=1
can always be canceled by a generic element in Z?:_ll 8xi(")]2, which is of the form

D—1

D—1 D—-1
> o (Z Cz’ﬂ@s’) = > ¢ (0565 + 0655)
i=1 j=1

ij=1

by the obvious symmetry properties of the matrices a;, bjj, ¢j. O
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Remark 12. For D > 2 the dimension of @g is given by
(5+D72)

: p __ D-2
gmei= Y ( )
s>

Po-P1,--20
potp1+--=p
p1+2pp+3p3+-=d

which can be given in terms of a generating function as

3 dim @] xy! = [T (1 + 27072,

p,d=0 $=0
A straightforward application of Theorem 9 gives us the explicit form of the Poisson cohomology groups in several cases:

Corollary 13. We have that:

R? d=0, p=0,
R d=0,p=1,
0 d>1,p=0,
. RP! d=1,p=1,
Hy(F) = 10 d=1,p=2,
RIC-DO-D g _) p—3

r("2) d>0,p=d+1,

0 d>0,p>d+2.

Remark 14. The vanishing result in the last line actually generalizes to the set of bidegrees (17).

Remark 15. In the D = 1 case we have H(1) = ® = R @ RA°, therefore Theorem 9 implies that Hé’ (f) is isomorphic to
R?*forp=d =0,toRforp = 1,d = 0, and vanishes otherwise, as in the scalar case of Getzler’s result [10].

Remark 16. For D = 2 we can provide a general formula for H} (). Indeed, in this case ©® = R[#*?] and in particular ©}
is generated by the monomials §1:992.9 ... 9.0 sych that iy + iy + - - - +i, = d, ix > 0. The dimension of & is given by
the number of ways of writing d as the sum of p distinct nonnegative integers, regardless of the order. The result, in terms
of the partition function P(n, k) giving the number of ways of writing n as sum of k positive addends, is [16]

dim@g:p(d+p—<§),p>. (18)

Since Kerd,; = R # 0 only in ®2, the dimension of d,: @571 for (p,d) # (0, 1) is given by the same formula (18) with
d=d-1.
Then we have:

for (p, d) # (0, 1) and dim Hf(Z) = 0. The dimension of the cohomology group Hg(ﬁ) is obtained in a straightforward way
from Theorem 9 for D = 2. We can conveniently express it as a generating function

> dimH}(F) x' = WP (x) + I (),

d=0
where

p

> dimH}(D =2) %' = WP (x) == x2®=D [Ja=x)"" +x80.

d=0 i=2
From the explicit form of P(n, k) for k = 2, 3 we can improve the results of Lemma 10
0 d=2k,
1 d=2k+1,

0 d < 3,
dimHJ(D =2) = 1k d =4+ 6k,
k+1 d=3+6k 5+ 6k <d< 8+ 6k.

dimH;(D =2) = {
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Combining the two previous results we obtain:

) k d =4+ 6k,
dimH2(¥) = 1k+1 d=6+6k, d=38+6k, (19)
k+2 d=3+6k d=5+6k d=7+6k

In particular it should be noticed that H3 (£) # 0foralld > 4. Some explicit values are

d 01 2 3 45 6 7 8
dimH3(#) 0 1 0 2 0 2 1 2 1
dimH3}(¥) 0 0 0 1 0 1 2 2

Remark 17. For D > 2 we have no explicit formulas, but we expect Hg (D) to be generically non-trivial. Symbolic computer
calculations allow us to obtain, for example, for D = 3:

d 01 2 3 4 5 6 7 8
dimH2(¥) 0 2 1 8 3 16 13 26 26
dimH}(¥) 0 0 1 6 14 29 36 72
and for D = 4:
d 01 2 3 4 5 6
dimH(¥) 0 3 20 15 66 73
dimH;(¥) 0 11 30 75 183

3.2. Cohomology in a special case

Let us consider the DN brackets with one dependent variable and D independent variables

@), uy)} = d0d(x —y),
which, in the 6 formalism, corresponds to the bivector

~ 1 [P N
P=5/ 00%0 d°x € £2.

In this Section we compute the Poisson cohomology of the bracket {, }, i.e., the cohomology of the complex (f' ,dp), where

=[P, ].
Let

=) o us’ (20)
S

be the differential operator on 4 associated with P defined in (8). Clearly, A squares to zero. Moreover, this operator
commutes with d,1, ..., d,p, therefore it induces a differential on each of the spaces %, ..., #p. In particular, it is obvious
thaton p = £ this operator coincides with d;.

With the differentials induced by A on A, F1, ..., Fp, the short exact sequences (10) become short exact sequences of
complexes. We will use the associated long exact sequences in order to compute the cohomology of %1, ..., ¥p.Since all the
cohomology groups that we consider are to be understood with respect to the differential induced by A, we will generally
refrain from indicating it all the time.

Recall that we denote by Zj, the sub-semiring of Z that consists of multi-indices of the form S = ), 5;& with sp = 0.

Lemma 18. We have that H(A) = R[{6%, S € Zp}].

Proof. Under the identification 6570 « du®, S € Z, the operator A turns into the de Rham differential on the differential
forms in u’, S € Z, hence its cohomology is given by the degree 0 forms constant in u°, S € Z, that is, by all elements of A
mdependent of u’ and #5+0, S € Z. These are the polynomialsin 6°,S € Z,. O
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For D = 1 we have H(:A) = R & RO, as in [9,14].
As before, we denote the polynomial ring R[{6°, S € Zp}] by ©. Itis important to stress that the polynomialsin 8%, S € Zp,
are indeed representatives of cohomology classes in H ().

Proposition 19. We have:

®
T 000+ + 0,0
fori=1,...,D—1.

H(F)

Proof. Let us start by considering the short exact sequence
" a1 . [t o
0—> A/R— A —> F1 — 0,
which induces a long exact sequence in cohomology

~ d,1 ~ Jax! ~ 1, ~ 0,1 ~
HE_ (A/R) =5 HE(A) — HY(F1) — HET'(A/R) 2> HYTH(A).

By Lemma 18, the cohomology classes in H(J,\:), and of course in H(A/R), are represented by elements of @, i.e.,, by
polynomials in 85 with S € Zp. The derivations d,1, ..., d,0-1 map such polynomials to polynomials of the same form,
hence their action on the cohomology coincides with their natural action on ®. It clearly follows that the kernel of

n ax1 A,
HEPY(A/R) =5 HET| (A) is equal to zero.

The Bockstein homomorphism HE (£1) — H.*'(A/R) is therefore the zero map, and we can conclude that H () is the
quotient of Hg(.;@) by the image of 9,1. So, we have

Hi(A) . ©F
daHE ((A) 0005

HY (F) =

which is precisely the assertion of the Proposition for £1.
Let us now prove the same statement for #;,i = 2, ..., D — 1, by induction. The short exact sequence
o i A [fdd

0—> F%_1/R— F_1—>F —>0

induces the long exact sequence in cohomology
P& S ypez S p s p+1 2 LTI

Hd_l(fiifl/R) — Hy (Fis) — Hy (F) — H, (Fio1/R) — Hd+1 (Fi-1).

Notice that the map d,i : H(%;_1/R) — H(%;_;) is given, by inductive assumption, by

e (]

Oyi: — .
0,10+ -4+ 0,10 +R 0,10 + -+ 0,i-10

Lemma 20. The kernel of the map (21) is equal to zero.

Proof. We can follow the proof of Lemma 5. By the same argument as there, we reduce the statement of the lemma to the
vanishing of the cohomology of a certain complex, where we have an explicit homotopy contraction given by exactly the
same formula asin Eq. (13). O

Since the kernel of the map (21) is equal to zero, the Bockstein homomorphism vanishes, and therefore we can conclude
that
o
310++3,i 10 - e

. o T 0.0+ + 0,0
3,(1(W) x1 X

12

H(%)

In particular, the previous Proposition implies that Hf; (ﬁD_1) is a finite dimensional vector space, whose dimension one
can compute explicitly for each choice of p, d, D. Due to its importance we denote it by Hg (D), which is then the degree
(p, d) component of

e
010+ -+ 03010
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Finally we can compute the Poisson cohomology in the scalar case:

Theorem 21. We have that H (%) ~ H}(D) @ H}"' (D).

Proof. The short exact sequence

~ oD A fde ~
0— $p_1/R— Fp1 —> Fp— 0

induces in cohomology the exact sequence

~ 9D ~ [ axP ~ ~ 0.0 ~
Hy_(Fp1/R) = H}(Fp_1) — H}(Fp) — Hi"' (Fp1/R) = HYLY (Fp). (22)
It is easy to check that, fora € ©,
s da

opa=A 4 Uﬁ,

hence the map d,p sends any element of &, considered as a subspace of 4, to a A-exact element of /. This implies that the
operator induces by d,» on the cohomology of 4 is equal to zero, and therefore it is also equal to zero on the cohomology of
Fi,i=1,...,D — 1. The long exact sequence (22) is then equivalent to the collection of short exact sequences

0 — HY(%p_1) — HY(Fp) — HET'(Fp_1/R) — 0,

for p > 0,d > 0. This implies that H? (£p) ~ H}($p_1) ® H" ' (Fp_1). O

3.3. Change of independent variables

In Section 3.2 we have proved a theorem about the Poisson cohomology for the bracket {u(x), u(y)} = d,p6(x —y). On
the other hand, the generic nondegenerate Poisson bracket (3) has the form, when written in flat coordinates,

D
.0
e, uy)}h =Y c'o—dx—y). (23)
i=1

i

Let us denote A the Poisson bivector associated to the bracket (23).
In this Section we prove that the cohomology groups for the bracket (23) are isomorphic to the ones we computed in the
previous one, and hence that Theorem 9 holds for all the nondegenerate scalar DN brackets.

Lemma 22. By a linear change of independent variables (x', . . ., x°) the bracket (23) can be brought to the form
{v(®), v(P)} = dpd X — ). (24)

Proof. Under a linear change of coordinates x — X = Jx, with J a constant D x D matrix, the derivations 9, = {d,:} change
according to 9, — 9 = (J~ )T dy. For the D-dimensional Dirac’s delta function to be invariant, we require in addition that
det] = 1. Introducing the D-dimensional vector C = (cq, ..., cp) we have to solve the algebraic set of equations J - C = &p.
We get D equations for D> — 1 entries of the matrix J. Hence, the solution is not unique but it always exists. O

We will denote A the Poisson bivector defining the bracket (24).

Lemma 23. The cohomology groups Hi (¥, A) are isomorphic to H} (£, A).

Proof. The same transformation law 9, — d; = (J~')" 3, applies to the variables u* = 3,;u and #%. Since J is constant, the
higher order derivatives leave it unaffected, in such a way that the transformation law is tensorial

u e i = (N
where |I| = ky + -+ - + kg and |I| = |I’|. More precisely, we have
: . . . !
~(kq,..es kp) __ —1,\T\11 —1\T\ % —1\T\ kq+1 —1\T\ 11|
utt D_(U ))1"'(0 ))11((1 ))21 (U ))D Bxil...ax"|"u.

Moreover, the partial derivatives with respect to the jets transform with J7, so that the differential A is transformed, being
homogeneous of differential order 1, as (J~')T A. Under the change of independent variables, Aﬁ — AZ for any component
of bidegree (p, d).
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Since J is invertible and the change of coordinates does not change the differential order of the jets, there exists an
isomorphism between the kernels and the images of A: A} — Aj,, and A: A} — A}, . Hence the quotient spaces
HA(A, A) and H (A, #) are isomorphic.

Moreover, the change of independent variable leaves the space ¥ invariant. Let us consider the quotient operation

A
8X1eA:+ et 3,@.)&.
The change of independent coordinates maps each partial derivative to a linear combination of all the D derivatives

x
i > (7H70), =D FriUe

J

f:

Since ] is nondegenerate, however, Span(a,;e/i)) is the same as Span(axyi), which proves the claim.
Eq. (16) reads

PR~ Oq
Hy(F) = 9,607 D
1 Og_1+ -+ 00Oy,

where @g = Hg (). The linear change of independent coordinates, as already discussed, maps the numerator of the quotient
to an isomorphic space. For the denominator we have

3aO) 4+ 8008 > 3200 4+ 800F | =08,00 40008 | =0.00 4+ 000] .

Since both the numerator and the denominator of the quotient Hg (F) are mapped to isomorphic spaces, so is the quotient
itself. This allows us to extend Theorem 9 to all the nondegenerate scalar DN brackets. 0O

4. Direct computation of some cohomology groups

In this section we show how one can explicitly compute some cohomology groups Hfi’ (f , A) using the formalism of
Poisson Vertex Algebras [17]. The notion of Poisson Vertex Algebra was introduced as an algebraic framework to deal with
evolutionary Hamiltonian PDEs with one spatial variable, but an extension to D-dimensional equations is straightforward
and has already been exploited to compute some cohomology groups for (D = 2, N = 2) DN brackets [13].

Definition 24. A (D-dimensional) Poisson Vertex Algebra (PVA) is a differential algebra (V, {8,}?2 1) endowed with D
commuting derivations and with a bilinear operation {-, -}: V® V — R[Aq, ..., Ap] ® V called the A bracket satisfying
the following set of properties:

(1) {3irg} = —rilhg}

(2) {rdig} = (3 + i) (g}

(3) {fight = {figlh + {fih)g

(4) {farh} = {firahlg + {gr1ah}f

(5) {&f} = —={f-x—sg} (PVA-skewsymmetry)

(6) {fi{guh}} — {gulfihl} = {{fig)r+uh} (PVA-Jacobi identity).

We use a multi-index notation A! = )Lif )ng . ~Ag’ forI = (i1, iy, ...,1ip). The terms in the RHS of property 4 are to be
read, if {fih} = >, B(f, h)A', as {firahlg = >, B(f, h)i(A + 8)'g = X, B(f, h); (A1 + 81)"" - - (Ap + 3p)Pg. Similarly, the
skewsymmetry property in extensois ) _, B(g, A = — > (= — 9)'B(f, 2);.

When we consider V = # the algebra of differential polynomials and identify the “total derivations” d,; with 9;, the set
of axioms for the PVA translates into a practical formula that gives the bracket between two elements of + in terms of the
bracket between the so-called generators u®:

L

. 25
e (25)

d
hel= Y 20+ g, 0 )(—h—9)
a TN OUy

7D
L,ME/A20

The main reason why the notion of a Poisson Vertex Algebra is relevant and useful for the study of the Poisson cohomology
is that there exists an isomorphism between the Poisson Vertex Algebras and the Poisson brackets on the space of local
functionals. In particular, given the A bracket of a PVA we have that

o] - o
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and, given a Poisson bracket in the space of the local densities 4, {u*(x), u? (y)} = > B;”S (ux); u (x))8'8(x — y), we can
define a A bracket

(wuf} = Z BE® (u; up)AS.
1

Moreover, an evolutionary Hamiltonian PDE of form u, = {/ h, u} is mapped to u; = {hyu}|y—o. The advantage of working
with PVAs rather than on local functionals is that there is no need to integrate - or, equivalently, to perform the quotient
from 4 to F - since the properties (5) and (6) encode the skewsymmetry and the Jacobi identity for the bracket after the
integration. This allows to perform explicitly computations, a few examples of which we will now demonstrate.

4.1. Symmetries of the bracket

The A bracket is equivalent to the Poisson bracket defined by the bivector A = %9050 is {upu} = Ap. As we have already

discussed in Section 2.4, the elements of the first cohomology group H' (}A’ , A) are the symmetries of the bracket that are
not Hamiltonian, namely the evolutionary vector fields

a
X = Z X (u; uL)a—u’
satisfying
X({uau}) = {Xhu} + {unX (W)} (26)
of form different from
X(u) = {hu}lx=o-

Let us compute H(} and H11 and Hzl for generic D, showing the agreement with the results of Corollary 13.

For H(} we want to consider an evolutionary vector field whose component X depends only on u. Since the bracket
between the generators u is constant, the LHS of (26) vanishes; computing the RHS with the help of formula (25) and setting
it equal to 0 immediately gives that X must be a constant. Given the form of the Poisson bivector, we cannot have any
constant Hamiltonian vector fields; thus, H(} =R.

To compute H{ we are interested in vector fields of first degree, namely of form X = Zf’: 1 X'(u)ug,. Imposing the
condition of symmetry does not give any condition on X but forces X! fori = 1, ..., D—1to be constants. On the other hand,
if we take a generic Hamiltonian density of degree 0, i.e., a function h(u), its Hamiltonian vector field will be X, = h'(u)ug,,
where XP = h’ can be arbitrary. This means that the D — 1 constants only are elements of Hl1 =RP~1.

In principle, computing any component of the first cohomology group means performing the same computations as the
ones for the first two. However, they become more and more involved with the growing of the degree (and hence of the
differential order). Another advantage of the formulation of the problem in terms of PVAs is that the computations are
straightforward and can be performed by a computer. Computing (26) for a degree two evolutionary vector field, whose
component is X = Zf,w XPug ug, + X5Pug, ¢, we get that the necessary condition is that X; = X, = 0 for all (a, b). This
means that H, = 0.

4.2. Deformations of the bracket

As already discussed, the second cohomology group classifies the compatible infinitesimal deformations of the A bracket
associated with the Poisson bivector A that cannot be obtained by a Miura transformation. We will demonstrate a few results
for the case D = 2. Definition 6, in terms of A bracket, translates into considering a deformed bracket

{rd={rdat+elan)”

and requiring that it satisfies properties (5) and (6) of the PVAs up to the order €. Since {-) -}, is constant, it is enough to
impose the skewsymmetry of {-) -}~ and

{un{upu} 3o + {uplnul s = {uaulyy uba. (27)

The form of the deformed bracket we choose depends on which component of the second cohomology group we are

interested in: when computing Hj we will consider homogeneous A brackets of degree d (as for the gradation on 4, we

consider degA! = |I| and deg{u,u} = deg(B(u; u);A) = degB + [I|). Property 5 prevents the existence of nontrivial
elements in HS, since there cannot be skewsymmetric brackets of form {u,u} = A(u).

For le we consider brackets of form {u,u}™~ = Z§=1 2A%(u)Aq + A%ug, —we have already implemented the skewsym-

metry of the deformation. Computing condition (27) for this bracket does not give any constraint on A% but implies that
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Al is constant. Let us consider a generic Miura transformation that gives rise to a bracket of degree one: since A is degree
one as well, the transformation must be of degree 0, so u — U = u + €F (u). We get

{WU}a = (it} s + € (2F Wk + F' (Wttg, ) + O(e?).

This computation shows that we can never get from a Miura transformation a bracket of form {u,u} = Aq, which is
compatible with {-; -} 4. This means that le =R.
We can proceed similarly for H2; in this case a general deformed bracket of degree 2 will be

{uu}™ = ZAab)\alb + Bab)\auéb + Cab”éuuéb + Dabuifa+éb'
a,b

Note that, by definition, A, C, and D are symmetric in the indices (a, b). Imposing skewsymmetry we find the relations

Aab — 0’
1 / ’

Cab — (Bab +Bba ) ,
4
1

b b b
D* :Z(B" + B*).
We now impose condition (27) on the bracket and find that the parameters B must satisfy the set of equations

Bll =0

BIZ + BZl — 0’
B*? =0.

In other words, all the compatible infinitesimal deformations of A of degree 2 are parametrized by a single function
B(u) = B according to the given prescription. Any of these compatible deformations can be obtained from A by the
Miura transformation

u
ur>U=u—eug / B(s)ds
which exists for any function B of a single variable. This means that H22 = 0, in agreement with formula (19).
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