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1. Introduction

In the early 1980s, Dubrovin and Novikov [9,10] introduced the problem of characterizing the struc-
ture and the deformations of homogeneous local Poisson brackets of degree k, which are since known as
Dubrovin-Novikov brackets, differential-geometric Poisson brackets, or homogeneous Hamiltonian operators.

In coordinates u',...,u" they can be written as

k

{ul (), v (y) ) = Z Plij(u7 Ug, ... )00 (z —y) (1.1)

s=0

with the coefficients Plij constrained by homogeneity in the number of z derivatives, skew-symmetry, and
Jacobi identity.

It is known since [26] that a local homogeneous Poisson bracket should be studied as a finite-dimensional
differential-geometric structure on a smooth manifold M. However, the geometric interpretation of the
objects defined on M by the coeflicients Pfj and of the constraints imposed on them by the skew-symmetry
and the Jacobi identity is still not clear for an arbitrary degree k. The structure problem is that of a
geometrically meaningful formulation of these objects on M, and of the differential constraints to which
they are subject, aiming at the classification of homogeneous Poisson brackets on M.

The importance of the homogeneous Poisson brackets is also due to the fact that they appear as leading
term in the general form of dispersive Poisson brackets

{,}= Z{.7.}[l] (1.2)

1>k

where each homogeneous term {-,-}! is of the form (1.1). Higher degree terms can be regarded as a
deformation of the leading-order homogeneous Poisson bracket of degree k. The basic structure describing
such deformations is the Poisson cohomology of the leading homogeneous Poisson bracket.

Despite several results in low degree k, for the most part limited to the case of M = R™ and often to
small values of n, the structure and the deformation theory of homogeneous Poisson brackets of arbitrary
degree k remains mostly unknown. The only general result, proved by Doyle [8], is that the connection \AQR
associated with the coefficients of ut"*§(z — y) in (1.1), is symmetric and flat.

The aim of this paper is to provide new insights on the structure of homogeneous Poisson brackets of
arbitrary degree, laying the foundation to a sequence of works that we plan to devote to the study of their
structure and deformations. A common approach in the study of the structure of such brackets for low & is
to look for a special coordinate system in which the form of the brackets is particularly simple; for example,
for general k, by writing them in the flat coordinates for the connection V(°). However, the use of special
coordinates can obfuscate, rather than clarify, the geometric meaning of the equations. The philosophy of
this work is therefore to study the structure of homogeneous Poisson brackets in an arbitrary coordinate
system and for arbitrary k.

This work is organized as follows: in the next section we state our main theorem; in Section 3 we formulate
an auxiliary cohomology problem which leads to the proof of our main result; in Section 4 we review the
low-degree brackets in the light of our main theorem; in the last section we announce some results and list
some open problems.

Remark 1. The structure of local homogeneous Poisson brackets has been thoroughly studied in low degree
k < 3. Let us review the available literature. The ultralocal case & = 0 does not concern us here, since
it does not involve any connection; it corresponds to the case of a Poisson structure on M, see [24]. The
structure of the hydrodynamic type Poisson brackets is described in [9]. The case of degree k = 2 has been
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studied in [26,27,8,24,15,16]. The degree k = 3 case has been investigated in [26-28,8,29,24,1,13,14]. The
study of Poisson brackets of degree k = 1 with degenerate g*/ has been undertaken in [19,24], and treated
for n = 2,3 in [30].

Remark 2. The theory of local Poisson brackets considered in this paper allows for several extensions. If the
coordinates u!, ..., u™ are regarded as functions of several independent variables x1,...,zp we say that the
Poisson bracket is multidimensional. This generalization was introduced in [10] and studied, for example,
in [23,5]. Moreover, it is possible to study brackets defined by pseudodifferential operators, extending the
theory to the non-local case, that has been considered for example in [25,12,6]. The homological algebra
methods used in this paper have originally been applied to the computation of bihamiltonian cohomology
groups [3,4] and Poisson cohomology groups in the multidimensional case [2].

2. Statement of the main theorem

Let M be a smooth n-dimensional manifold whose formal loop space is endowed with a homogeneous
local Poisson bracket of degree k. More precisely, on a chart U with coordinates u®, ..., u™ on M, the Poisson
bracket is formally given by the expression

k
{u'(@), W ()} =Y PP (x —y) (2.1)
s=0

where P¥ € Aj,_,. We denote by A the algebra of differential polynomials, which on U are given by formal
power series in the variables u™* with 1 <4 < n, s > 1 with coefficients which are smooth functions of
ul,...,u". The standard degree deg is defined on A by assigning the degree s to the generators u**. We
denote by A4 the homogeneous component of standard degree d. The derivation d, on A is given by

Oy =Y ubt! 0 (2.2)

oubs’
520

where we pose u*? = u’. Under coordinate transformations @’ = @'(u), the formal transformation rule

o d

(' (@), @ (1)} = 5 () (2) 0 ()} 5 (uly) (23)
is equivalent, using the usual identities for the derivatives of the Dirac delta function, to
- s+t\ 0ut . o’
P” - —APz J 8t — 7 . 24
s tg; ( s )aul/ s+t¥x <8u1') ( )

This equation should be understood as an identity between differential polynomials that induces the trans-
formation rules for their coefficients. We name some coefficients by letting

k-1
{u'(@), 0 (9)} = g" (u(@))d®) (@ —y) + Y ), (u(@)u* = (2)6) (@ —y) + ... (2.5)
s=0
where the dots denote higher order terms of degree two or more in the variables u>® with s > 1,i=1,...,n.

The coefficients g/ define a (2,0)-tensor g on M, with symmetry

g7 = (~1)*Hg.
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The skew-symmetry of the bracket (2.5) also implies the following constraints on the coefficients hz(]S Y

k—1 -
- t - k\ 0g
7 o t+1 7
h(JS)l = E (—-1) (S)h{t)l + (S> Dul (2.6)

t=0

for0<s<k—1.
We assume that g is nondegenerate, thereby imposing that n is even for k even. The coeflicients hzjs ) are
known to transform (up to a multiplicative constant) as contravariant Christoffel symbols; more precisely

i\ 1
T il
Tlyis = —( ) giirh(s); (2.7)
transform as Christoffel symbols. They define k connections V(%) on the tangent bundle to M, i.e. maps
Ve D(TM) - QYTM) (2.8)

for s =0,...,k — 1, where QY(TM) = T'(T*M @ TM). We call these the standard connections.
We define linear combinations with constant coefficients of the standard connections V() as follows

Vil =3 "clv® (2.9)
t=0
where s =0,...,k — 1 and the constants are given by

¢t = (~1)t <k +; N t) (f) (2.10)

Notice that these constants are nonzero only if ¢t < s and ¢ < k. Since for each fixed s the constants cﬁ, sum
to one, the formula above defines connections VI, ... V¥ on TM.

While it is known [8] that V(©) is flat, the remaining standard connections V), ... V*=1 in general
are not flat (see Remarks 16 and 18). Surprisingly, the flatness holds for all the connections Vsl as stated
in our main result.

Main Theorem. The connections VI, ... VFE=1 gre flat.

The first few flat connections are:

vl = v© (2.11)
vl = kv® 4 (k 4+ 1)V, (2.12)
vz — k(k; 1)V(2) _ k(k + 1)v(1) + WV(O)’ (2.13)
(2.14)

VI = ()RRt (Qkk_ 1>v<°>. (2.15)

Remark 3. We say that a degree k Poisson bracket is generic if the affine space spanned by the standard
connections (or equivalently by the flat connections) is & — 1 dimensional, namely if they are in general
position. The study of different types of degenerations could provide interesting families of Poisson brackets.
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3. Proof of the main theorem

The main difficulty in dealing with the constraints imposed by the Jacobi identity for arbitrary degree k is
finding an appropriate way to disentangle the large family of associated differential equations, which, if dealt
with directly, become unmanageable already for quite low k. Our strategy is to encode the Jacobi identity
as d od = 0, where d is the adjoint action of the Poisson bivector P associated with the homogeneous
Poisson bracket on the differential complex of local multivector fields. For our purposes, it is actually
sufficient to consider the associated differential complex (A, Dp) introduced by Liu and Zhang [20,21].
These computations also form the basis of our future work on the cohomology of homogeneous Poisson
brackets.

Let us consider the algebra A of formal power series in the even variables ub® with 1 <i < n, s > 1 and
in the odd variables 7 with 1 <7 < n, s > 0 with coefficients which are smooth functions of the coordinates
ul,...,u™ in a chart U on M. Clearly A is a subalgebra of A and the standard degree deg extends to A by
assigning degree s to the generators 6. We denote by Aqg the homogeneous component of standard degree

d. The derivation 8, on A is given by

8, = Z [uz‘,sﬂ% + 9;+1% (3.1)
520 @

where we denote u*? = u’. The theta degree deg, on A assigns degree one to the variables 67 and zero to the
remaining generators. We denote by AP the homogeneous component of theta degree p and fld = Arn Ay.
Define F = /i/ 9, A and denote [ A — F the corresponding projection. The degrees defined above on A
induce corresponding degrees on F, and we denote the homogeneous components of F with the obvious
upper and lower indices.

With the homogeneous local Poisson bracket of degree k > 1 defined by (2.1) we associate the following
element P in ]:",f

which in turn defines a superderivation of A

L(OP\ @ . (5P\ @
D=2, {a”” (W) duie T (5u> aa;] ’ (3:3)

s=0

with deg Dp = k and degy, Dp = 1. The variational derivatives are defined as

5P , OP 5P ,OP

s=>20 s20

The operator Dp defines a differential on the complex A.
Lemma 4 (/20,21]). The formula (3.3) defines a superderivation Dp of A which squares to zero, i.e.
DpoDp=0. (3.5)

The previous equation encodes the differential equations appearing in the Jacobi identity for (2.1). To
disentangle them we proceed to compute the cohomology of the complex (A, Dp), using spectral sequences.
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For a general introduction to this technique we refer for example to [22]. A quick review can be found in
Section 3 of [3].

While the cohomology computations in general depend on the manifold M, in this context we are only
interested in simplifying the operator Dp, therefore it is sufficient to consider the algebra A on a chart U
of M, that for simplicity we consider homeomorphic to a ball in R".

Let deg,, be the degree on A defined by imposing that deg, u"* = 1 if s > 0, and that the degree of all
other generators is zero. We denote by [.], the projection to the homogeneous component of deg, equal to
p. Denoting some coefficients in P as in (2.5), we find the following preliminary formulas for some of their
homogeneous components in degree deg,, .

Lemma 5. The following equations hold:

~ 1 ..
[Plo = 59" 6:6}, (3.6)
[Py = = Zh(s)lul k=sg,00, (3.7)
6P] i ok
— | =g"67, (3.8)
), =5
k—
6_P _ 1 89 k l k syl k—s s
|:5ui:|0 - 2 out ] 2 ; h s)za (elaj) ' (39)

Proof. The first two are straightforward computations. For the third one observe that

[g_éjo - [550}0’ (3.10)

while for the fourth one

[gﬂo - [6510}0 T [5511}07 (3.11)

from which the above expressions easily follow. 0O
Let us decompose the differential Dp = D_1+Dg+. .. in homogeneous components of degree deg,, Ds = s.

Lemma 6. The lowest degree homogeneous component of Dp is given by

D_, = ZgzjakJrs

s=>1

0

.1
ENER (3.12)

Proof. Observe that

o ) R 141 R

s>1 s>1

which, after substituting (3.8), gives the desired result. O

We consider on the complex (/Al, Dp) the compatible descending filtration F A induced by the degree
deg,, + degy. More explicitly, F’ ? A4 includes the monomials with degy equal to ¢ and deg,, bigger or equal to
p—q. Therefore Dp maps FP A9 to FP A4, Let us denote by (EP?,d,),>0 the associated spectral sequence.
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On the page zero of the spectral sequence

Pq __

P Ar+a .
po o AT (3.14)

el fpta

the differential Dp induces the differential dy : Ef*? — Ef 4*1 which can be identified with D_; acting on
A. Let us compute its cohomology.
Let B be the ring of polynomials in the odd variables 67 for 0 < s < k and 1 < ¢ < n with coeflicients

given by smooth functions in the variables u!, ..., u™:

B=C®U)[{6;, 0<s<k, 1<i<n}]. (3.15)
Let iy : B < A be the inclusion map and my: A — B the projection which sends to zero the generators

u®® and 9;““ for s > 1,1 <@ < n. Clearly mz0iz = 1, while iz o 73 is homotopic to the identity map 1 4.
The cochain homotopy map h 4 is the usual one in de Rham theory, which in this case can be written as

1 is 0
b= S (310

on monomials with the degree I > 1 in the generators u** and 91-”]“ for s > 1,1 <i < n, while hA is zero
on monomials with degree [ = 0. We have that

D_lohA—FhAOD_l:lA—iBOWB. (317)
We obtain the following formal Poincaré lemma.
Lemma 7. The cohomology H(./Zl, D_y) is isomorphic to B.
Notice that the lemma follows essentially from the contractibility of the fibers of the jet space, with
coordinates u»*, s > 1, once we identify D_; with a de Rham type operator.
The differential Dp induces a differential dy: E?? — EPT? on the first page of the spectral sequence
Ey ~ B. On B it is represented by

d1 :WBODOOiB. (318)

Removing the terms in Dp that act on u»* or on 95"’8 with s > 0 we obtain

P 0 ., [(6P\ 0 ,
5—91_8ui+§a (w‘) 567 OozB (3.19)

s ([5], a+ [ ([22])), ) oo 520

By substitution of (3.8) and (3.9), we have the following:

dy =mgo

Lemma 8. The first page E1 of the spectral sequence is isomorphic to the space B with differential

9 19gY &L 9

_ _ijpk k s

dy = g"0; 50 2 Dl 0; E 0; 07 (3.21)
s=0
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1
+§ Z

0<s<r<k

k—1
k+s—1t\. ;i _. 0
_1\k—t ij rok+s—r_~
Z( 1) < r )h(t)l‘| 91‘ 9]’ agls'

t=0

Remark 9. We introduce the notation

. Bgi
ij
hion = 30 (3.22)
so that the formula (3.21) can be rewritten in the more compact form
w0 1 E+s—1t\ 4 0
_ ijpk k—t %, rnk+s—
d1 = g 0; B + 3 E (-1) ( , )h(i)lﬁi ;7" 7"893. (3.23)
0<s<r<k l
0<t<k

To obtain the second page E5 of the spectral sequence we need to compute the cohomology of the complex
(Ev dy )

Let us now consider the degree degyr on B defined by assigning degree one to the variables 65, ... 0% and
zero to the remaining ones. It turns out that the operator d; is concentrated in degrees 0 and 1. We collect
in the following lemma some observations about the form of d;.

Lemma 10. The operator dy on B has only two homogeneous components
dy = dM +d\”, (3.24)

with deggx dgs) = 5. The operator dgl) can be written

k -1
(U_i'ka 1 ot ( 2k — T\ ij kka k(k ij ksa
d _gaajWJriZO(_m t( P LA ejalejL PG L) ke aja—ef (3.25)
= 1

t 0<s,t<k—

where

¢t = (~1)t (k +Z - t) (’;) (3.26)

The constants ct, for 0 < s,t < k — 1, form a lower triangular matriz c, i.e. ¢t = 0 if s < t, and satisfy

k—1 . _
¢t = 1. The inverse ¢!

+—0 Cs is a lower triangular matriz given by

=t () (5.27

such that Zf:_ol(cfl)’; = 1. The operator dgo) is given by
(0) 1 = k+s—t 0
0) k—t - 1] k+s—r
) =3 > [Z(—n ( . >hd)l] 0,0, oo (3.28)
0<s<r<k Lt=0 l

Proof. A straightforward computation gives the homogeneous component of degree zero (3.28), while for
the homogeneous component of degree one we get:
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1
di" = g0 -

- 0} Z 895 (3.29)

k—1
1 k—t 2k — g kpk 0
+ 52(_1) ( k )hg)lez 6] aek

t=0

k+s— k+s— 0
k—t ) _]7, ks
O (G LR G AL T

0<s,t<k—1

N | =

+

We can substitute (2.6) in the third line of (3.29), recalling that h(k)l is defined as in (3.22), to obtain

k
k+s—t\ ; k+s—t Z el i hns O
( k )h(i) - < s ) = ( )h(i)l] %65 565 20" (3:30)

r=0

+% (=t

0<s,t<k—1

In this expression we can isolate the terms containing h(k) ;» Which are equal to

1 E+s—1t\ [k i s O
-5 3 > (1)t+1( : )(t> h&)lﬁfﬂjaeg (3.31)

0<s<k—1 | 0<t<h—1
Thanks to the standard binomial identity (see Equation (5.25) in [18])
-k s s—m—1

—1) = (-1)mH 3.32
> MO e (I, (3:32)
we can easily see that

k+s—1t\(k

> <—1>t“< i ) (t> =0. (3.33)
0<t<k 5

It follows that expression (3.31) combines with the last term in the first line of (3.29), giving a term which
can be absorbed by the second line in (3.29) by extending the sum to t = k. Notice that such extra term is
of the form hlfc)ﬁl 93, hence it is vanishing for k£ odd for symmetry considerations. We have thus obtained

equation (3.25) with
o %(_m (1;) <k +; - t) - ’:Z_:‘:(_l)m (k + - r) (;)] . (330

Finally let us prove that these constants can be written as in (3.26). Since ¢ < k the sum in (3.34) can be

extended to 0 < r < k + s. Then (3.26) follows from the identity (3.32) withk=r, l=k+s, m=s,s=1

and n = 0: first we obtain that the sum is equal to (—1)k(t v 1), which is equal to the first entry of the

bracket in (3.34) by the following well-known identity

(Z) = (~1)* (k - Z - 1). (3.35)

t

The remaining properties of the coefficients ¢, can be easily proved from the standard identities of the

binomial coefficients. O
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Since d; squares to zero and it decomposes in two homogeneous components in degyx, we have

2 2
(@) =0, d@Vd? +dVaV o, (&) =0, (3.36)
Setting 0F = g;;du’, the ring B can be identified with the ring of polynomials in 67 with 0 < s < k and
i=1,...,n with coefficients which are exterior forms in the variables u’, namely
B=QU)[{#, 0<s<k—1,1<i<n}]. (3.37)

Let us define

k-1
Tlajij = D el (3.38)
t=0
Under the above identification, we have that:

Lemma 11. The operator dgl) acts on B as

k—1

) _ i igs O
&y =d+) T, du'6; o (3.39)
s=0
where d is the standard exterior derivative in the coordinates u?, i =1,...,n.

Proof. We have that d{"u’ = g% = du’ and, since d\" squares to zero, d\"’du’ = 0. Therefore the first
two terms in (3.25) are simply given by the exterior derivative d, while the last term can be rewritten as
in (3.39) by substitution of (3.38) and (2.7). O

For a fixed s =0,...,k—1, let & be the trivial vector bundle over U with fiber the vector space spanned
by 6%, ...,0%. The space of &-valued differential forms Q(U, &) is identified with the subspace B, of B given
by

By = QU){63, - ,65). (3.40)

The operator dgl) defines a connection V¥ on the bundle &, namely a map VI : U, E) —
QPHL(U, E,). Clearly VI squares to zero, i.e. it is a flat connection.
This concludes the proof of the main theorem. O

4. Poisson brackets of low degree

We investigate the consequences of our main theorem in low degree, comparing them with some well-
known results in the literature.

The brackets of degree k = 0 are also called ultralocal Poisson brackets [24] and correspond to Poisson
structures on the manifold M. They are not relevant to our discussion, so we will not review them here.

4.1. Poisson brackets of hydrodynamic type

The degree k = 1 Poisson brackets have the local form

{u'(2), 0! (y)} = 976" (x — y) + b ulyd(z — ) (4.1)
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where we assume that g is non-degenerate. The connection V(%) is defined by the Christoffel symbols
l i'l

Our main theorem in this case just states that the connection V(©) is flat. As it is well-known from
the complete description given by Dubrovin and Novikov in [9], the bracket (4.1) is Poisson if and only if
the connection V(% is flat, torsionless, and compatible with the metric g. Notice that, while the first two
conditions are true for k > 1, the compatibility of V(®) with g does not hold in general. However, it can be
proved from the skew-symmetry constraint that the connection obtained from V*~1 by changing the sign
of its torsion is compatible with g for & > 1. For £ = 1 this gives the remaining constraint.

4.2. Poisson brackets of degree k =2
The Poisson brackets of degree k = 2 in local coordinates have the form
{u' (@), ()} = 978" (x —y) + b up ' (x — y) + (¢l + € upu ) (x — ) (4.3)

where we assume that the bivector g is non-degenerate, therefore the dimension n of M is even. The
Christoffel symbols of the standard connections are given by

i/ 1 il
FZ(O)ij = —gu"cjla F(1)” = —§gii/bjl, (4.4)

and I'iy) = 3l gy — 2T'(1), namely
Ty, = gir (05 = 3¢T). (4.5)

Our main theorem asserts that the connections V(® and V[ are flat.
Ferguson gives in [16] a complete set of equations for the skew-symmetry and Jacobi identity of the
Poisson bracket. We recall this result in the following equivalent form.

Theorem 12 (/16]). For g non-degenerate, formula (4.3) defines a Poisson bracket if and only if

a

()
(b)
()
(d)
(e)

i §s skew-symmetric,

i
) is flat and torsionless,

©) k t l
g4l s skew-symmetric in i, j, 1,
l( )gm _ b” - 26;17

o i pJ
ql — C(q 1) gprcf;cf) ’

g
v
v!
d) v

e

)

Notice that the tensor appearing on the right-hand side of (d) is given by the difference of the flat
connections

b — 2 = g (Tl

— I‘ZO)H). (4.6)
The flatness of VU follows from Ferguson’s equations but was previously unnoticed.

Corollary 13. It follows from (a)-(d) that the connection VM is flat.

Proof. Notice that we can write VIl = V(©) 4 4, where A is the tensor obtained from the difference of I'y;
and I'(gy in (4.6), which from (d) of Theorem 12 reads
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0) r
Al = g, Vg (4.7)
Using (c), the same tensor can equivalently be written as
s (0
Aéj =4 VE )gsj. (4.8)
By the flatness of V()| we can compute the Riemann curvature of V[ as

VI, Vs = 9043, + 43,4 - (6 )
= vl(o) (gSlV§0)91t> + gSPVEO)gpngZVS»O)glt — (i< 9)
VOV g~ (i )
= ¢V, v, =0. O

Remark 14. The connections are in general position if V[ and V(%) do not coincide, equivalently if b;j #* 2ij .
The degenerate case VI = V(0 namely b)? = 2¢;’, has been also considered in [15] and corresponds to the
case of covariantly constant g, which in turn is equivalent to the fact that g defines a Poisson tensor on M.

Remark 15. As it follows immediately from Ferguson’s equations, in the flat coordinates for V(%) the Poisson
operator takes the canonical form

P9 =0g"0 (4.9)
and, equivalently, the Poisson bracket is

{w'(2), v (y)} = 976" (x — y) + Dg“uyd' (x — y) (4.10)
where 0;g;i, is skew-symmetric in 4, 7, k, which in turn implies that g, is linear in the flat coordinates wu.

Remark 16. In flat coordinates the Christoffel symbols F[I] , and F(o differ by a factor —1/2, and since

we know that VI is flat, as long as ¢ is not constant, V(1) cannot be flat.
4.8. Poisson brackets of degree k =3

The Poisson bracket in this case is usually written in local coordinates as

{w'(2),w (y)} = ¢76" (& — y) + b uld” (x — y) + (] uf, + ¢, ubuy )8 (x — y)
+ (dPul,, + d al ™+ dY alum ) (- y). (4.11)

Ugzx Im Yz Imn W

The non-degenerate matrix g% is symmetric and transforms as a contravariant tensor. The Christoffel
symbols of the standard connections are given by

1 1 -/
l _ U l l il l opil
F(O)ij = gwd F(l)ij 3g”,cj , (2) §g”,bj . (4.12)

Our main theorem implies that the connections defined by the Christoffel symbols

Tl = gir (' —4diY),  Tly,; = gir (=05 + 4" — 10d}1), (4.13)



G. Carlet, M. Casati / Differential Geometry and its Applications 100 (2025) 102276 13

and the connection V(@ are flat.

The full set of constraints coming from skew-symmetry and Jacobi identity written in an arbitrary
coordinate system is not available in the literature. However, according to Potémin [29], in flat coordinates
for the connection V(©)| the Poisson operator has the form

PY =0 (g90+ c'ul ) 0 (4.14)

and the full set of constraints reduces to the following equations

gzlg =l 4 (4.15a)
gitcll = —giscil (4.15b)
0= gl + givchi 4 gl (4.15¢)
g, = clest — cliesi — Mg, (4.15d)

We can read the coefficients in (4.11) by expanding (4.14) and comparing the two expressions. Besides
g" and ¢;” which represent the same objects in the two formulas, we have
o agh L
by = Sl + ¢, ol = cz({’my (4.16)
while all the coefficients dfj , d;ﬁn and dffnp vanish.
The Christoffel symbols of the flat connections VI and V2! are

Fh]ij = giscjlv Fl[Q]ij = 291’56;1 - gisC§s~ (4.17)

The flatness of the connection V! was proved by Balandin and Potémin [1]. The flatness of the connection
V[ was so far unnoticed, but it can be directly verified in these coordinates by quite long but straightforward
computations using equations (4.15).

Remark 17. The connections are in general position if both b;j and céj are non-zero and not proportional
to each other, equivalently if VI[!! and V2 are not proportional and both non-zero. The non-generic cases
are either the case of VI = V2 non-vanishing, which corresponds to c?j symmetric in the upper indices,
or the completely degenerate case, which corresponds to vanishing connections and constant ¢*.

Remark 18. Let us consider the degree k = 3 Poisson bracket in n = 2 dimensions considered in Theorem
1 of [13] which is given by

2

2
1 ur g 0 - - (N
ij ul i (ul)? i T
(97) = <u2 1+ u2)2> ()= 0 @) |7 (cs') = <0 o ) ‘

ul (ul)? (ul)3

Computing the curvature tensors of the connections V1) and V() we obtain

2 4

1)2 1

Rg,]).,l = - g,%,l = 9(u1)27 (418)
21 2)1 2)2 22 8u?

Rg,%,l = —Ré,f,l = R(z,iz = _Rg,%,Q = _9u1 (4-19)
2)2 2)2 4(2(U2)2 - 3)

R = -RY) = ==, (4.20)

9(u1)2



14 G. Carlet, M. Casati / Differential Geometry and its Applications 100 (2025) 102276
R@L _ _pen _8 (4.21)
21,2 = 122 = g .

while all the other components are vanishing. This shows that in general the standard connections V()
and V) have non-vanishing curvature. Notice that in these coordinates the Christoffel symbols F%mj are
proportional to Fl(l)ij: one can indeed check that, by rescaling the latter in the previous computation by
the coefficient —1/3, the curvature vanishes.

4.4. Poisson brackets of degree k = 4

The form of the Poisson bracket in local coordinates is

{w' (@), 0 (y)} = 76" (& — y) + b w6 (w — y) + (¢ b, + cf ub w6 (v — )
+ (d” lxww + d m$uw + dlmp

iy, 1 A1J l m l
+ (el Upgze T 6 ;cxxu + CrmUza Uy + 6lmpuacac

+ elmpquiuT wPud)o(x — y). (4.22)

uzultul)o (xz —y)

m, p
Uy Uy

The matrix g% is skew-symmetric and defines a bivector on the manifold M. We assume that g% is non-
degenerate, and therefore that the dimension n of M is even.
The Christoffel symbols of the standard connections are given by

i ]_ i’
Fl(O)ij = —Gii € g Fl(l)ij = _Zgii'dj ! (4.23)
Tl = —ggwe]! Ty = 2 gib!" (4.24)
@yi5 = T g @)ij = — 79105 .

Our main theorem implies that the connections defined by the Christoffel symbols

s = g (di ' — Bei), (4.25)
Tlyi; = giv (—ci' +5d" — 15€i), (4.26)
Tlyi; = gii,(b;l’l —5ci! +15d%" — 35elY), (4.27)

are flat.
We are not aware of any result in the literature about the homogeneous Poisson brackets of degree k = 4.

5. Conclusions

The aim of this work is to address the general problem of the study of the structure and deformations of
homogeneous local Poisson brackets of arbitrary degree as geometric objects on a manifold M, as originally
posed by Dubrovin and Novikov. By leveraging homological algebra techniques, we set the stage for a
systematic investigation of the structure and cohomology of such brackets, with the aim of generalizing
well-known results in low degree (for the hydrodynamic case k = 1, where these problems are completely
solved, at least in the case of invertible g, see [9,11,17,7]).

Our main result is the proof that specific linear combinations of the k standard connections associated
with a homogeneous Poisson bracket of degree k£ have vanishing curvature. We observe moreover how this
was mostly unnoticed in the previous studies of low degree brackets.

This result appears as a side product of the first steps in the computation of the Poisson cohomology of
the homogeneous Poisson brackets. Indeed, we plan to extend this analysis in a subsequent work, where we
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compute the Poisson cohomology of a homogeneous Poisson bracket P in terms of the Chevalley-Eilenberg
cohomology of a Lie algebra naturally associated with P. However, a more direct proof of the flatness of the
connections VI*! remains an intriguing challenge. Such a proof could possibly shed light on the geometric
origins of the coefficients defining the flat connections.

We deem that achieving a complete geometric characterization of the constraints imposed by skew-
symmetry and the Jacobi identity could significantly advance the classification of homogeneous Poisson
brackets. There are some further directions of study of the structure problem that could be pursued. The
skew-symmetry constraint of the Poisson bracket has been used in this work (see proof of Lemma 10) but
its full interpretation is lacking. Other properties, like the symmetry of V(). are known [8] to hold for
arbitrary degree but their proof escapes the methods used in this paper. The nature of “deeper” coefficients,
those appearing at higher degree deg, in the brackets, is still not clear. Finally, relaxing the assumption of
invertibility of g, especially for even degrees k, could expand the scope of the theory to include degenerate
cases, potentially uncovering new structural phenomena.
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